We show how various thermodynamic bounds for nonequilibrium quantum processes can be improved and recovered from one simple formula based on the operator concavity of the logarithmic function.
Umegaki's quantum extension [Ume61] of Kullback-Leibler's relative entropy [KL51] is of vital importance for a rigorous formalization of quantum thermodynamics. In particular, the fact that quantum relative entropy, notwithstanding the noncommutativity of the underlying algebra of operators, shares many properties with its classical counterpart-most notably the monotonicity under coarse-grainings [Lin74] -is enough by itself to serve as a powerful tool for investigation.
In this paper we show how a much weaker property than monotonicity, namely, the operator concavity of the logarithmic function [Car10] can be invoked to improve on various thermodynamic bounds for quantum nonequilibrium processes, possibly driven and open. More explicitly, after presenting the general mathematical bound, we show how it can be applied to provide: (1), a new formula for the thermodynamical length, including that for closed processes as a special case, but directly applicable to open processes; (2), a tighter bound for the heat exchange in erasure processes; and, (3), a stronger formulation of the quantum second law as presented in [Tas16] as a generalization of [Len78] to general quantum open processes.
Formalization.-We consider a system S interacting with an ancilla A from time t = 0 to time t = τ > 0. We assume that the system and the ancilla are initially in a factorized state
On the other hand, we make no particular assumptions at this point on the microscopic model (i.e., the Hamiltonian operator) underlying the interaction. We only need to know that the joint system-ancilla evolution from t = 0 to t = τ is described by some unitary operator U SA , so that the reduced system's dynamics is described by a completely positive trace-preserving (CPTP) linear map Φ as follows [BP02]:
In order to discuss the thermodynamics of system S, we also introduce the system's Hamiltonian operators at initial and final times, namely, H S {0,τ } , and the corresponding states at equilibrium at some inverse temperature β > 0, namely,
{0,τ } ) denote the system's free energies at thermal equilibrium. In this paper we focus in particular on the difference between the system's average internal energy at final and initial times, namely,
(3)
The above quantity, though always well-defined, is most meaningful when any interaction terms can be neglected in the energy computation. This is the case, for example, if at times t = 0 and t = τ the interaction terms in the total Hamiltonian are negligible with respect to the system's internal energy. As a concrete example, one can think of a system that "flies" through a relatively small interaction region, where energy can be exchanged with the ancilla, but at times t = 0 and t = τ is sufficiently far from such a region so that interactions can be neglected. Denoting by Φ † the trace-dual map associated with Φ, that is, the map satisfying Tr[Φ(X) Y ] = Tr X Φ † (Y ) for all operators X, Y , by standard manipulations it is possible to show that
where:
(i) ∆F denotes the difference of equilibrium free energies: ∆F := F τ − F 0 ;
(ii) D(X Y ), for X, Y 0, X = 0, denotes an extension of Umegaki's quantum relative entropy to positive semi-definite operators (see, e.g.,
. Inequality (5) holds because the operator L is always positive semidefinite. This fact is a consequence of the operator concavity of the logarithmic function (a result sometimes referred to as the Löwner-Heinz Theorem; see, e.g., Theorem 2.6 in [Car10]) together with the so-called Schwarz inequality for positive linear maps [Dav61, Cho74] . We notice however that, due to the fact that the trace-dual map of a CPTP map is CP but not necessarily TP, the operator Φ † (Γ S τ ) appearing in (4) and (5) is positive semidefinite but its trace may differ from one. As a consequence, the term D(ρ S 0 Φ † (Γ S τ )) may be smaller than zero. A special case of (5) is discussed from an informationtheoretic perspective in [BDW16].
The above relations, Eqs. (4) and (5), are to be compared with the following ones, that again can be easily verified by direct inspection, that is,
where ∆S := − Tr ρ S τ ln ρ S τ + Tr ρ S 0 ln ρ S 0 is the entropy increase of the system, which can be positive or negative, depending on the initial state and the CPTP map Φ. Inequality (7) follows because both ρ S τ := Φ(ρ S 0 ) and Γ S τ are two normalized density matrices, so that their relative entropy is non-negative.
It is interesting to notice that both relations (4) and (6) only involve terms which depend solely on the system reduced dynamics, and that both relations are expressed as the sum of two quantities, one of which is always non-negative. However, only inequality (5) is expressed in the form of an entropic divergence. In what follows, we will discuss this fact in connection with some situations of physical interest.
Conditions for equality.-Before proceeding with the applications, we first comment on the conditions that imply equality in (5), for all initial states ρ S 0 . More precisely, we want to know what properties should the CPTP map Φ satisfy in order to have
Clearly, for unitary Φ equality is obtained. However, unitarity is not necessary: for example, any CPTP map of the form
where {|f i S } i is the energy eigenbasis for H S τ and {|ϕ i S } i is an arbitrary orthonormal basis for S, also attains (8). Maps like that in (9), even though not unitary, still satisfy the relation Φ(1) = 1. For such maps, called unital, also their trace-dual Φ † is CPTP. More freedom in constructing counterexamples is available whenever H S τ has some degenerate eigenvalues: to see this, it suffices to consider the case of a completely degenerate H S τ for which Γ S τ ∝ 1 S , so that condition (8) is automatically satisfied because trace-duals of CPTP maps always preserve the identity operator.
Thermodynamic length.-One of the advantages of having a bound expressed in terms of a relative entropy is that it is possible to provide such a bound with a geometrical interpretation [DL10] .
Let us consider a closed system, initially in thermal equilibrium (ρ S 0 = Γ S 0 ), driven by a thermodynamic protocol that brings the system's Hamiltonian from H S 0 to H S τ by changing the values of some controllable macroscopic variables. We follow here the common semiclassical assumption of "ideal pistons," according to which any backreactions of the driven system on the thermodynamic drive can be neglected. Even in the presence of a time-varying Hamiltonian, the evolution from t = 0 to t = τ of a closed system remains unitary, so that both Φ and Φ † are unitary maps. This fact in particular implies that the operator L in Eq. (4) is null. We thus obtain the following:
where the second line follows again from the unitarity of Φ. (Alternatively, it can be derived from (6) using the fact that for a unitary transformation ∆S = 0.) Relation (11) has been first derived in [DL10] , where it is interpreted as an expression of Clausius inequality for the irreversible entropy production in a nonequilibrium quantum process. Then, one of the main results of [DL10] is to apply a bound of [AE05] to show that
where L(ρ 1 , ρ 2 ) := arccos F(ρ 1 , ρ 2 ), in turn defined in terms of the fidelity F(ρ 1 , ρ 2 ) := √ ρ 1 √ ρ 2 1 , is a Riemannian metric called the Bures angle or Bures length between the normalized density matrices ρ 1 and ρ 2 [BZ06]. Relation (12) is interpreted in [DL10] as a quantum generalization of the thermodynamic length [Cro07] . Our bound, inequality (5), allows us to obtain a similar conclusion for open processes as well. We proceed as follows. First of all, we introduce a normalized density matrix γ S :=
Then, plugging the above relation into (5) and applying the same bound as in [DL10] , we obtain
The above relation is rigorously valid for any CPTP map Φ and reduces to relation (12) for unitary processes. We can thus conclude that, apart from the additive term ln Tr Φ † (Γ S τ ) , which does not depend on the initial state but only on the CPTP map Φ, also in an open process the energy cost increases with the Bures length between the initial equilibrium state Γ S 0 and the "retrodicted" state γ S .
Whenever the trace-dual map Φ † preserves the trace of the final equilibrium state, that is, whenever Tr Φ † (Γ S τ ) = 1, the extra term in relation (14) disappears. Relation (14) then assumes the same form of relation (12), which is however derived under the assumption that the process is closed. Care must be taken, however, as in general L 2 (Γ S 0 , γ S ) = L 2 (Φ(Γ S 0 ), Γ S τ ) and our lower bound, Eq. (14), is written in terms of the former quantity, not the latter. (The two quantities, however, coincide for closed processes, as noticed above.) In particular, an important family of open processes for which Tr Φ † (Γ S τ ) = 1 is the family of CPTP unital maps, namely, CPTP maps such that also their trace-dual Φ † is TP. This can be seen as yet another instance of the general intuition that unital open processes, with respect to various thermodynamic aspects, behave "almost as" closed ones [Ras13, ALMZ13].
We conclude this section by noticing that an alternative relation with the fidelity can be derived, which is tighter than (14), even though it loses the character of being expressed in terms of a metric. Such relation, which is a direct consequence of a bound in [MDS + 13] (see in particular Theorems 5 and 7 therein), reads as follows:
Erasure processes.-A paradigmatic example of open system evolution is provided by erasure processes. Following [GPM15] , we define an erasure process as any process of the form
where U represents an arbitrary, though fixed, interaction mechanism between the system (whose state is being "erased") and the ancilla, which plays here the role of the environment. The resulting CPTP map E is a map that acts on the ancilla only, its action depending on the system's initial state. For the sake of concreteness, in Eq. (16) the ancilla is assumed to be initialized in the equilibrium state Γ A 0 , and the ancilla's Hamiltonian H A is assumed to remain constant during the process, so that Γ A 0 = Γ A τ =: Γ A . In this situation, the change in the ancilla's internal energy ∆E = Tr E(Γ A ) H A − Tr Γ A H A is interpreted as the average heat Q that flows from the system into the environment during the erasure process.
In [GPM15] the following bound on the average heat flow is derived:
The quantity appearing in the right-hand side of the above inequality coincides exactly with the extra term we obtained by renormalizing the relative entropy in (13). Therefore, we know that inequality (17) can be made tighter by adding the term D(Γ A γ A ), which measure the entropic divergence between the equilibrium state Γ A and the renormalized retrodicted state
which, in comparison with the analogous bound in [GPM15] , has two advantages: it is stronger, because D(Γ A γ A ) 0, and it possesses a geometric interpretation in terms of the thermodynamic length, as discussed above.
Comparison.-From the properties of the quantum relative entropy, relation (18) above becomes strictly stronger than (17), as long as D(Γ A γ A ) > 0, which is the case whenever γ A = Γ A , that is,
On the other hand, the extra term D(Γ A γ A ) cannot become infinite, since E † (Γ A ) is invertible whenever Γ A is. This is a consequence of the fact that, for any CPTP map Φ, its tracedual map Φ † is spectrum-width decreasing (see, e.g., Lemma 3.1 in [BKD + 05]).
The gap between (18) and (17), though not infinite, can however be arbitrarily large, as the following example shows. Let us consider the case in which the erasure map has the form E(ρ A ) = σ A , independently of the initial state ρ A of the ancilla. This corresponds to the situation in which erasure of the system is achieved by simply "dumping" it into the environment. In this case, the trace-dual map is easily computed as
Then, by direct inspection we find that, in this particular case,
being d A the dimension of the ancilla. Hence, by decreasing the temperature of the ancilla, the term D(Γ A γ A ) can go up to ln d A (assuming nondegenerate H A ).
Maximal energy outflow.-Until now we have used relation (5) in order to bound from below the net amount of energy flowed into the system during the process modeled by the CPTP map Φ. Of course it can also be used to provide upper bounds on the maximum amount ∆ drop = E 0 −E τ by which the system's internal energy can drop as a consequence of Φ. Again assuming for simplicity that H S 0 = H S τ =: H S and ρ S 0 = Γ S 0 =: Γ S , relation (5) together with (13) immediately provide an upper bound to ∆ drop as
If the CPTP map Φ is obtained from an interaction model as in Eq. (1), it is possible to show, as done in the Appendix, that, for any state σ,
In this way we recover Theorem 1 of [Tas16] , that is
(20)
The above relation was interpreted in [Tas16] as an extension of Lenard's result [Len78] to general CPTP processes. Notice however that, while relation (20) depends on the particular microscopic model chosen as the realization of the process Φ, our bound, Eq. (19), only depends on the system's reduced dynamics Φ.
Beyond completely positive maps.-Before concluding this paper, we recall that, as a matter of fact, inequality (5) and its applications-that is, inequalities (14) 
and denote by Φ † the trace-dual of E, that is, the map satisfying the relation Tr[Φ(X) Y ] = Tr X Φ † (Y ) , for all operators X, Y . Then, for any normalized density matrix σ,
Proof. Let us fix an arbitrary orthonormal basis in the appartus' Hilbert space, let us say, {|ϕ i A }, and let us begin by assuming that the apparatus' initial state is pure, let us say, ρ A = |ψ ψ| A . In this case, the CPTP map Φ can be written as
where the N = d A Kraus operators K i are defined by the relation
Then,
where • in (24) we used the inequality Tr[Xσ] λ max (X) =: ||X| | ∞ , valid for all self-adjoint operators X and all normalized density matrices σ;
• in (25) we used the triangle inequality for the Schatten infinity norm
• in (26) we used the fact that, for all i, K i K † i and K † i K i have the same eigenvalues (a consequence of their being positive semidefinite and of the polar decomposition), jointly with the fact that i K † i K i = 1, so that K i K † i 1 for all i.
Let us now consider the general case of a mixed initial apparatus's state ρ A . In this case, the density matrix can be expanded on its pure components ρ A = j p(j)|χ j χ j | A , where p(j) is a probability distribution. By plugging this into Eq. (21) and using the linearity of the partial trace, we see that Φ(·) = j p(j)Φ j (·), where the Φ j 's are all CPTP maps as the original Φ, but realized by means of a pure apparatus state. Therefore, by following the same lines of reasoning as before, each Φ j can be written using only N = d A Kraus operators. Thus,
